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1. INTRODUCTION AND PRELIMINARIES 
Ky Fan's section theorem has numerous applications in various fields of pure and applied mathe- 
matics. In this paper, by Theorem 2 of [1], we obtain Ky Fan's section theorem, Ky Fan's lemma, 
saddle-point theorem, generalized Fan-Browder fixed-point theorem, Ky Fan's inequality, etc., in 
topological ordered spaces. 
A semilattice is a partially ordered set X,  with the partial ordering denoted by <, for which 
any pair (x, x') of elements has a least upper bound, denoted by x V x'. It is easy to see that any 
nonempty finite subset A of X has a least upper bound, denoted by sup A. In a partially ordered 
set (X, <), two arbitrary elements x and x' do not have to be comparable. In the case x < x', 
the set Ix, x'] = {y e X : x < y < x'} is called an order interval. Now assume that (X, <) is a 
semilattice and A C X is a nonempty finite subset, then the set A(A) = UaeA[a, supA] is well 
defined and it has the following properties. 
(a) A C_ A(A). 
(b) If A C A', then A(A) G A(A'). 
We shall say that a subset E C X is A-convex if, for any nonempty finite subset A C E, we 
have A(A) C E. 
For any D C X, ~(D) denotes the family of all finite subsets of D, A(D) = UAeY=(D) A(A). 
The following theorem is due to [1]. 
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THEOREM 1.1. Let X be a topological semilattice with path-connected intervals, Xo C X a 
nonempty subset of X, and R C_ Xo x X a binary relation satisfy the following. 
(i) For each x E Xo, the set R(x) -~ {y E X : (x,y) E R} is not empty and closed in 
n(Xo) = R(z). 
(ii) There exists xo E Xo such that the set R(xo) is compact. 
(iii) For any nonempty finite subset A C Xo: 
U [x, supA] _C U n(x). 
xEA xEA 
Then, the set A~exo R(x) is not empty. 
Let X be a nonempty set and Y a topological space, 2 Y denotes the family of all subsets of Y. 
A mapping C:X  ~ 2 Y is said to be transfer closed valued (e.g., see [2]) if, for each x E X and 
y (~ G(x), there exist x' E X and an open neighborhood N(y) of y in Y such that y' ~ C(x') for 
each y~ E N(y). It is obvious that if a mapping G : X --+ 2 Y is transfer closed valued, then for 
each x E X and y ¢ C(x), there exists some x' E X such that y ¢ cl G(x'), where cl G(x) is the 
closure of C(x). Then, G : X -* 2 Y is transfer closed if and only if Axex G(x) = AxezCl G(x). 
Let X, Y be two topological spaces, T : X --* 2 Y is said to have the local intersection property 
(see[3]) if for each x E X with T(x) # 0, there exists an open neighborhood g(x)  of x such that 
N~EN(x) T(z) # O. It is not hard to derive that T : X ~ 2 Y has the local intersection property 
if and only if X\T  -1 is transfer closed valued, i.e., Uyey T - ly  = Uyey int(T- ly)  • 
By Theorem 1.1 and the definition of transfer closed, it is easy to obtain the following gener- 
alized KKM theorem. 
THEOREM 1.2. Let X be a topological semilattice with path-connected intervals, Xo C_ X a 
nonempty subset of X,  and R C_ Xo x X a binary relation satisfy the following. 
(1) G : Xo -+ 2 x is transfer closed valued, where G(x) = {y E X : (x, y) 6 R} for each 
x Xo. 
(2) There exists Xo E Xo such that the set cl G(xo) is compact. 
(3) For any nonempty finite subset A C Xo, UxeA[x, supA] C_ UreA G(x). 
Then the set N~exo G(x) is nonempty. 
PROOF. Since cl G(x) satisfies all the conditions of Theorem 1.1, then A~ex0 cl C(x) is nonempty. 
Since A~Xo C(x) = ~exo cl C(x), hence, N~exo C(x) is not empty. The proof is complete. 
Let X be a topological semilattice or a A-convex subset of a topological semilattiee, f : X --+ 
(-oo, +oc) is A-quasi-concave if, for any nonempty finite subset A = {xl, x2 , . . . ,  xn} C_ X, for 
any y E A(A), f(y) > min{f(x 0, f (x2) , . . . ,  f (x, )}.  It is easy to see that f :  X -~ (-oo, +oo) 
is A-quasi-concave if and only if the set {y E X : f(y) > A} or the set {y E X : f(y) >_ A} is 
A-convex for any A E (--oo, +c~). 
DEFINITION 1.1. Let X, Y be two topological spaces, ~(x, y) : X × Y -~ (-0% +oo) is said to 
be strongly path transfer lower semicontinuous relative to x (in short, SPT 1.s.c.) if, for each 
(x, y) E X x Y and for all ~ > 0, there exists an open neighborhood N(x) of x in X and there 
exists yO E Y such that for any x ~ E N(x), 
If -~(x,  y) is SPT l.s.c, relative to x, then ~(x, y) is said to be strongly path transfer upper 
semicontinuous relative to x (in short, SPT u.s.c.) 
It is easy to see that if for any y E Y, ~(., y) is l.s.c., then T(x, y) is SPT l.s.c, relative to x. 
The converse is not true. 
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EXAMPLE 1.1. Let X = [0, 1], Y = [0, 1], a function qa(x, y) defined on X x Y by 
1, i fx  =y ,  
qo(x,y)= 2, if y=0,  
0, otherwise. 
x#O, 
It is easy to see that qo(x, y) is not 1.s.c. on X for each y • Y, ~(x, y) is SPT 1.s.c. relative to x. 
DEFINITION 1.2. Let X be a nonempty A-convex subset of a topological semilattice with path- 
connected intervals M. A set-valued mapping G : X -~ 2 M is said to be an order KKM mapping 
(OKKM) if, [or each nonempty finite subset {xl ,x2, . . .  ,xn} C X, we have 
n 
c U 
/=---1 
2. KY  FAN'S  SECT ION THEOREM AND ITS APPL ICAT IONS 
THEOREM 2.1. KY FAN'S SECTION THEOREM. Let X be a nonempty A-convex subset o£ a 
topological semilattice with path-connected intervals M and C C X x X. 
(1) For any y • X, 
(2) The mapping x
(3) For any x • X, 
(4) There ex/sts Xo 
Then there exists y* 
PROOF. Define G : X 
the set {x • X : (x, y) ¢ C} is either A-convex or empty. 
--+ {y • X : (x, y) • C} is transfer dosed valued. 
(x, x) • C. 
6 X such that the set cl {y • X : (xo, y) • C} is compact. 
• X such that X x {y*} c C. 
--*2 x by 
G(x) = {y • X :  (x, y) • C}, for each x • X. 
Then, clG(xo) is compact. 
Suppose that there exists a finite subset Ao = {Xl, x2, . . . ,  x~} C X such that 
A (Ao) ¢ 0 G (xi), 
i=l 
then there exists z E A(Ao) and z ~ U~=I G(xi). Hence, for each i = 1,2, . . . ,n ,  z • G(xi), 
(xi, z) ¢ C, and hence, A0 C {x e X : (x,z) ~ C}, by (1), A(Ao) C {x e X : (x,z) ¢ C}, 
then z 6 A(Ao) C {x 6 X : (x, z) ¢ C}, (z, z) ¢ C, which contradicts (3). Therefore, for any 
nonempty finite subset A c X, 
A(A) c U 
xEA 
By Theorem 1.2, I"]~ez G(z) # 0. Take y* ~ I"l~x G(x) C X, then X x {y*} c C. 
REMARK 2.1. Obviously, if X is compact, then (4) holds. 
THEOREM 2.2. Let X be a nonempty compact A-convex subset o /a  topological semilattice with 
path-connected interva/s M, f : X x X ~ (-co,  +co), T : X ~ 2 x nonempty compact valued 
with x • T(x) for any x • X. And 
(i) rot each .V • Y, f(', y) : X - -  +oo) is A-qu i-convex; 
(ii) f(x,  y) SPT u.s.c, relative to y. 
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Then there exists y* • X such that 
inf f (x ,y)  < inf f (x,y*) <_ sup inf f(x,  y). 
xCX~yCT(x)  - -  xCX yEY  xEX 
PROOF. Let r = inf~ex,yeT(,) f (x,  y), A -= {(x, y) • X x X : f (x,  y) ~_ r}. 
Since x E T(x) for any x • X, we have f(x,  x) >> r, (x, x) • A. 
For anyx  • X, let C(x) = {y • X : (x,y) • A} = {y • X : f (x ,y)  >_ r}. For y ¢C(x) ,  
f(x,  y) < r, by (ii), take E = r - f(x,  y), there exist an open neighborhood N(y) of y, and 
x0 • X such that - f (x ,  y) < - f (xo ,  y') + ~ = - f (x0 ,  y') + r - f (x,  y) for any y' • N(y), hence, 
f(xo, y') < r, y' q[ G(xo), G is transfer closed valued. 
For any y E Y, the set {x E X :  (x,y) ¢ A} = {x E X :  f (x ,y)  < r} is A-convex. By Theo- 
rem 2.1, there exists y* • X such that X × {y*} c A, i.e., f (x,y*) > r = inf~ex,yeT(~)f(x,y ) 
for any x E X, hence, 
inf f(x, y) < inf f (x, y*) _< sup in f  z f (x,  y). 
xEX,y~T(x)  - -  xCX yEY  
THEOREM 2.3. KY FAN'S LEMMA. Let X be a nonempty compact A-convex subset of a topo- 
logical semilattice with path-connected intervals M, and B C X x X. 
(i) For any y • X, the set {x E X : (x, y) • B} is nonempty A-convex. 
(ii) The mapping y --+ {x E X : (x, y) • B} has the local intersection property. 
Then there exists x* E X such that 
PROOF. Let C = X x X \ B, F(x) -- 
{y • x :  (x,y) • c}  = {y • x :  
By (ii), F- l (y)  =- {x E X :  (x,y) • 
transfer closed valued. 
(x*,x*) C B. 
{y E X : (x,y) E B}, for each x E X, then 
y) ¢ B} = X \ {y e X :  y) e B} = X \ 
B} has the local intersection property, then X \ F(x) is 
For each y E X, {x e X :  (x, y) ~ C} = {x E X :  (x, y) e B} is nonempty A-convex. 
Suppose (x, x) ¢ B for each x E X. Then (x, x) E C, by Theorem 2.1, there exists y* E X such 
that X x {y*} C C, i.e., for each x E X, (x,y*) E C, (x,y*) ¢ B, the set {x E X : (x,y*) E B} is 
empty, which contradicts (i). Therefore, there exists x* E X such that (x*,x*) E B. The proof 
is complete. 
THEOREM 2.4. GENERALIZED FAN-BROWDER FIXED-POINT THEOREM. Let X be a nonempty 
compact A-convex subset of a topological semilattice with path-connected intervals M, F : 
X -* 2 x has the local intersection property with nonempty A-convex valued. Then, F has a 
fixed point, i.e., there exists x* E X such that x* E F(x*). 
PROOF. Let B = {(x,y) E X x X : x ~ F(y)}. For each y E X, 
{x e x :  (x,y) e B} = {x e X :  x e F(y)} = 
nonempty A-convex. The mapping y --+ {x E X : (x, y) E B} = F(y) has the local intersection 
property. By Theorem 2.3, there exists x* E X such that (x*,x*) E B, i.e., x* E F(x*). 
COROLLARY 2.1. Let X be a nonempty compact A-convex subset of a topological semilattice 
with path-connected intervals M, F : X --* 2 X with nonempty A-convex valued, and for each 
y E X ,  F- l (y )  is an open set. Then F has a fixed point. 
PROOF. We only need to prove that F has the local intersection property. For each x E X 
with F(x) ¢ ~, take y E F(x), then x E F- l (y) .  Since F- l (y )  is open, there exists an open 
neighborhood N(x) of x in X such that N(x) C F- l (y) .  Then, for any z E N(x), z C F- l (y) ,  
y E F(z), hence, y E [']zeN(x) F(z), and hence, [']zeN(~) F(z) ~ 0, F has the loc l  intersection 
property. By Theorem 2.4, F has a fixed point. 
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3. SADDLE-POINT THEOREM 
THEOREM 3.1 .  SADDLE-POINT THEOREM. Let X and Y be two nonempty compact A-convex 
subsets of two topological semilattice with ,path-connected intervals M and E, f : X x Y 
,(-co, -boo), 
(i) For each x E X,  f (x ,  .) : Y ~ (-oo,-boo) is A-quasi-convex. 
(ii) For each y E Y, f(., y) : X -+ (-co, -bco)/s A-quasi-concave. 
(iii) f (x ,  y) SPT  1.s.c. relative to y; f (x ,  y) SPT  u.s.c, relative to x. 
Then, 
inf sup f (x ,y )  = sup inf f (x ,y ) .  
yEY xEX xEX yEY 
PROOF. It is easy to see 
Suppose that 
sup in f f (x ,y )  < inf sup f (x ,y ) .  
xEX yEY - -yEY  xEX 
sup inf f (x ,y )  < inf sup f (x ,y ) .  
ceEX yEY yEY xEX 
Then there exists r E (-co, +oo) such that 
sup inf f (x ,y )  < r < inf sup f (x ,y ) .  
xEX yEY yEY xEX 
And by (i),(ii), for any x E X,  G(x) = {y E Y :  f (x,  y) < r} nonempty A-eonvex; for any y E V, 
K(y)  = {x E X : f (x ,  y) > r} = {x E X :  - f (x ,  y) < - r}  nonempty A-convex. 
For x E X with G(x) 7 £ O, take yo E G(x), i.e., f (x,  yo) < r, by (iii), for e = r - f (x ,  yo) > O, 
there exist an open neighborhood N(x)  of x, and Yl E Y such that 
- f  (x, Y0) < - f  (x', Yl) ÷ e = - f  (x', Yl) - f (x, y0) -b r, for any x' E N(x) ,  
i.e., f (x ' ,  Yt) < r, hence, Yl E G(x'), for any x' E N(x) ,  and hence, Nz, eN(x) G(x') 7 ~ 0, G has the 
local intersection property. Similarly, one can prove that K has the local intersection property. 
Let C = Z x Y, F :  C --* 2 C, for u = (x, y) E C, F(u) = K(y)  x G(x), By Theorem 2.4, F has 
a fixed point, i.e., there exists u* = (x*,y*) E C such that 
u* -= (x*,y*) E K (y*) x G(x*) ,  
then f (x*,y*)  > r and f (x*,y*) < r, which is a contradiction. Hence, 
inf sup f(x,y) = sup inf f(x,y). 
yEY x~X xEX yEY 
COROLLARY 3.1. Let X and Y be two nonempty compact A-convex subsets of two topologicM 
semilattice with path-connected intervals M and E, f : X x Y --~ (-co, +co). 
(i) For each x E X, f (x ,  .) : Y -~ (-oo,-boo) is A-quasi-convex and l.s.c. 
(ii) For each y C Y,  f(-, y) :  X --* (-oo, -boo) is A-quasi-concave and u.s.c. 
Then there exists (x*,y*) E X × Y such that 
/ (x,y*) < f(x*,y*) < f for any (x,y) X x Y. 
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4. GENERAL IZED KY  FAN INEQUAL ITY  
Let X be a A-convex subset of a topological semilattice M and let ~ E (-0% +oo). Suppose 
f ( x, y) : X x X --+ (-0% +oo ), then f ( x, Y) is said to be ordered v-diagonal quasi-convex (respec- 
tively, concave) in y if, for any nonempty finite subset A = {Yl, Y2,..., y~} c X and Xo E A(A), 
we have that 7 ~ maxy~EA f(xo, Yi) (respectively, 7 --> miny~eA f(xo, Yi)). 
LEMMA 4.1. Let X be a A-convex subset of a topological semilattice M and let 7 E (-oo, +oc). 
Suppose f(x, y) : X x X --* ( -~ ,  +¢o), then f(x, y) is ordered 7-diagonal quasi-concave in y if 
and only if the mapping C(y) : {x C X : f(x, y) <_ 7} is OKKM. 
PROOF. If f (x,y) is ordered 7-diagonal quasi-concave in y, for any A = {xl ,x2, . . .  ,xn} C X 
and x0 E A(A), we have 
min f(xo, xi) < 7, 
xiEA 
then there exists j such that 
f (Xo, xj) -- min f (Xo, xi) < 7, 
xiEA 
i.e., xo E e(xj),  hence, A(A) c U,=I C(x~), G is OKKM. 
Conversely, if C is OKKM, for any A = {xl, x2, . . . ,  x~} C X and we have A(A) C Ui~l G(xi), 
then for any x0 E A(A), Xo E Ui~__l G(xi), then there exists j such that Xo E C(xj), hence, 
min f (Xo,Xi) <_ f (Xo,Xj) < 7, 
x~EA 
i.e., f(x, y) is ordered 7-diagonal quasi-concave in y. 
THEOREM 4.1. GENERALIZED KY FAN INEQUALITY. Let X be a nonempty compact A-convex 
subset of a topological semilattice M, 7 E (--oo, +oo). Suppose f(x,  y) : X x X --* (-oo, +oo). 
(i) f(x, y) is ordered 7-diagonal quasi-concave in y. 
(ii) f(x, y) SPT 1.s.c. relative to x. 
Then there exists x* E X such that f(x*, y) <_ 7 for any y E X.  
PROOF. For any y E X, let G(y) = {x E X : f(x, y) < 7}, by Lemma 4.1, G is OKKM. By (ii), 
it is easy to prove that C is transfer closed valued, hence, Azex G(x) 7~ O, take x* E NyeX G(y), 
then f(x*, y) < 7, for any y E X. 
COROLLARY 4.1. Let X be a nonempty compact A-convex subset of a topological semilattice 
with path-connected intervals M. 7 c (-oo, +oo). f : X x X -+ (-oo, 4oo) satisfies 
(1) any x E X,  f(x,  <_ 
(2) for each fixed x E X, y --+ f(x, y) is A-quasi-concave; 
(3) f(x,  y) is SPT 1.s.c. retative to x. 
Then there exists xo E X such that SUpycx f(xo,y) <_ 7. 
PROOF. We only need to prove that the mapping W : X --* 2 X is an OKKM mapping, where 
W(y) := {x E X : f(x, y) <_ 7), for each y E X. 
Suppose that W is not an OKKM mapping, then there exists A -- {Yl, Y2,. •., Yn} C X such that 
n 
A(A) ~_ U W(y,), 
i=1  
i.e., there exists xo E A(A), x0 • Oin__l W(yl), hence, xo ([ W(yi), for each i = 1, 2 , . . . ,n ,  and 
hence, f(xo, Yi) > 7, for each i = 1, 2 , . . . ,  n. By (2), we have 
f(xo, x0) >_ min f(xo, yi) > 7, 
yiEA 
which contradicts (1), so W is OKKM. 
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